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Abstract
Let (M, g) be a compact Riemannian three-dimensional manifold with
boundary. We prove the compactness of the set of scalar-flat metrics which
are in the conformal class of g and have the boundary as a constant mean
curvature hypersurface. This involves a blow-up analysis of a Yamabe-type
equation with critical Sobolev exponent on the boundary.
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1 Introduction
Let (M, g) be a Riemannian n-dimensional manifold with boundary ∂M, and
let ∇ be its Riemannian connection. Denote by Rg its scalar curvature and by
∆g its Laplace-Beltrami operator, which is the Hessian trace. By hg we denote
the boundary mean curvature with respect to the inward normal vector η, i.e.
hg = 1n−1
∑n−1
i=1 g(∇ei ei, η) for any orthonormal frame {ei}n−1i=1 of ∂M.
In this paper we study the question of compactness of the full set of positive
solutions to the equations Lgu = 0, in M,Bgu + Kup = 0, on ∂M, (1.1)
where 1 < p ≤ nn−2 and K > 0 is a constant. Here, Lg = ∆g − n−24(n−1) Rg is the
conformal Laplacian and Bg = ∂∂η − n−22 hg is the conformal boundary operator.
These equations have a very interesting geometrical meaning when p = nn−2 .
A solution u > 0 of (1.1) represents a conformal metric g˜ = u
4
n−2 g with scalar
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curvature Rg˜ = 0 and boundary mean curvature hg˜ = 2n−2 K, as (1.1) becomes a
particular case of the well known equationsLgu + n−24(n−1) Rg˜u
n+2
n−2 = 0, in M,
Bgu + n−22 hg˜u
n
n−2 = 0, on ∂M.
The existence of those metrics was first studied by Escobar [16] motivated by
the classical Yamabe problem on closed manifolds. Regularity of solutions was
obtained by Cherrier in [9].
The equations (1.1) have a variational formulation in terms of the functional
Q(u) =
∫
M |∇gu|2 + n−24(n−1) Rgu2dvg + n−22
∫
∂M hgu
2dσg(∫
∂M |u|p+1dσg
) 2
p+1
,
where dvg and dσg denote the volume forms of M and ∂M, respectively. A
function u is a critical point for Q if and only if it solves (1.1). However, direct
methods fail to work when p = nn−2 , as p + 1 =
2(n−1)
n−2 is critical for the Sobolev
trace embedding H1(M) ↪→ Lp+1(∂M). This functional has also a geometrical
meaning for the critical exponent case as it becomes
Q(u) =
n−2
4(n−1)
∫
M Rg˜dvg˜ +
n−2
2
∫
∂M hg˜dσg˜
areag˜(∂M)
n−2
n
.
Defining the conformal invariant
Q(M, ∂M) = inf
{
Q(u); u ∈ C1(M¯),u . 0 on ∂M
}
,
Escobar [15] observed that, when finite, Q(M, ∂M) has the same sign of the first
eigenvalue λ1(Bg) of the problemLgu = 0, in M,Bgu + λu = 0, on ∂M .
If λ1(Bg) < 0, the solution of the equations (1.1) is unique. If λ1(Bg) = 0, the
equations (1.1) become linear and the solutions are unique up to a multiplication
by a positive constant. Hence, the only interesting case is the positive one.
When M is conformally equivalent to the unit ball Bn, the solutions of (1.1)
are well known. The only nontrivial examples occur when p = nn−2 and they all
represent metrics isometric to the Euclidean one [14]. In his case, the conformal
diffeomorphisms of the ball produces a blowing-up family of solutions to (1.1).
Working in dimension n = 3, our main result extends to the general case the
work of Felli and Ould Ahmedou [18], that established compactness of the set
of solutions to (1.1) when ∂M is umbilic.
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Theorem 1.1. Let (M, g) be a Riemannian 3-manifold with boundary ∂M. Suppose
that Q(M, ∂M) > 0 and M is not conformally equivalent to the unit ball. Then, given
a small γ0 > 0, there exists C(M, g, γ0) > 0 such that for any p ∈
[
1 + γ0, nn−2
]
and
any solution u > 0 of (1.1) we have
C−1 ≤ u ≤ C and ‖u‖C2,α(M) ≤ C ,
for some 0 < α < 1.
The subcritical Sobolev exponents p < nn−2 in Theorem 1.1 provide a connec-
tion with the linear case. Although we omit the argument (see [1, 17, 18, 19]),
a proof of existence of a solution to Escobar’s problem [16] can be achieved by
computing the Leray-Schauder degree of all solutions of equations (1.1).
In the case of manifolds without boundary, the question of compactness of
the full set of smooth solutions to the Yamabe equation was first raised by R.
Schoen in a topics course at Stanford University in 1988. A necessary condition
is that the manifold Mn is not conformally equivalent to the sphere Sn. This
problem was studied in [12, 13, 21, 22, 24, 25, 28, 30] and was completely solved
in [6, 8, 20]. In [6], Brendle discovered the first smooth counterexamples for
dimensions n ≥ 52 (nonsmooth examples were obtained by Ambrosetti and
Malchiodi in [5]). In [20], Khuri, Marques and Schoen proved compactness
for dimensions n ≤ 24. Their proof contains both a local and a global aspect.
The local aspect involves the vanishing of the Weyl tensor up to order [ n−62 ] at
any blow-up point and the global aspect involves the positive mass theorem.
Finally, in [8], Brendle and Marques extended the counterexamples of [6] to
the remaining dimensions 25 ≤ n ≤ 51. In the case of nonempty umbilical
boundary, the same compactness and noncompactness results were obtained
by Disconzi and Khuri in [11] for the boundary condition Bgu = 0.
Despite its additional technical difficulties, the question of compactness of
the solutions of (1.1) turns out to have great similarity with the one above for the
classical Yamabe equation. In [17] Felli and Ould Ahmedou prove compactness
for locally conformally flat manifolds with umbilic boundary, a result previ-
ously obtained by Schoen [28] for the classical Yamabe equation. In [1] the first
author proves the vanishing of the trace-free boundary second fundamental
form in dimensions n ≥ 7 at any blow-up point, a result inspired by the vanish-
ing of the Weyl tensor in dimensions n ≥ 6 obtained by Li-Zhang and Marques
independently in [21, 22, 25]. On the other hand, the noncompactness results
of Brendle and Marques inspired the first author’s paper [2] which provides
counterexamples in dimensions n ≥ 25 to compactness in (1.1). So Theorem 1.1
ensures that there is a critical dimension 3 < n0 ≤ 25 such that compactness for
the set of positive smooth solutions of (1.1) holds for n < n0 and fails for n ≥ n0.
Although the corresponding result for the classical Yamabe equation in
dimension 3 was obtained by Li and Zhu in [24], our approach to Theorem
1.1 makes use of some further techniques of the later works [20, 25]. This is
because the canonical bubble, coming from the Euclidean metric on B3, fails to
provide a good approximation for the blowing up solutions of (1.1).
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The strategy of the proof of Theorem 1.1 is similar to the one proposed
by Schoen in the case of manifolds without boundary. It is based on finding
local obstructions to blow-up by means of a Pohozaev-type identity. Assuming
that a sequence {ui} of solutions has an isolated simple blow-up point, we
approximate {ui} by the standard Euclidean solution plus a correction term φi.
The function φi is defined as a solution to a non-homogeneous linear equation
and is similar to the one in [20]. We then use the Pohozaev identity to prove
a local sign restriction in dimension three, which allows the reduction to the
simple blow-up case. This sign restriction is used again to derive a contradiction
with the positive mass theorem established in [3] for manifolds modeled on the
Euclidean half-space.
A key point in dimension three is that this hypothesis simplifies the es-
timates on the right side of the Pohozaev identity as every geometric term,
including φi, only contributes to the high order terms in the proof of the local
sign restriction. It contrasts with the case of higher dimensions where further
estimates on the geometric terms would be needed. Another point that differs
from the mentioned papers on compactness is that we only use a very rough
control of the Green’s function. The relation with the positive mass theorem
comes from an integral expression obtained by Brendle-Chen in [7].
This paper is organized as follows. In Section 2 we present some prelim-
inary computations about the standard solution on the Euclidean half-space,
Fermi coordinates and the conformal invariant equation associated to (1.1). The
important Pohozaev identity and the mass term is studied in Section 3. The
definition of isolated and isolated simple blow-up points and some additional
properties are collected in Section 4, while the blow-up estimates are presented
in Section 5. In Section 6 we come back to the Pohozaev integral and prove the
sign restriction and some of its consequences. Finally we give a proof of the
main result in Section 7.
2 Preliminaries
2.1 Notations
Throughout this work we will make use of the index notation for tensors,
commas denoting covariant differentiation. We will adopt the summation
convention whenever confusion is not possible. When dealing with coordinates
on manifolds with boundary, we will use indices 1 ≤ i, j, k, l ≤ n − 1 and
1 ≤ a, b, c, d ≤ n. In this context, lines under or over an object mean the
restriction of the metric to the boundary is involved.
We will denote by g the Riemannian metric and set det g = det gab. The
induced metric on ∂M will be denoted by g¯. We will denote by ∇g the covariant
derivative and by ∆g the Laplacian-Beltrami operator. By Rg or R we will denote
the scalar curvature. The second fundamental form of the boundary will be
denoted by pikl and the mean curvature, 1n−1 tr(pikl), by hg or h.
ByRn+ we will denote the half-space {z = (z1, ..., zn) ∈ Rn; zn ≥ 0}. If z ∈ Rn+ we
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set z¯ = (z1, ..., zn−1) ∈ Rn−1  ∂Rn+. We define B+δ (0) = {z ∈ Rn+ ; |z| < δ}. We also
denote B+δ = B
+
δ (0) for short. We set ∂
+B+δ (0) = ∂B
+
δ (0) ∩ Rn+ = {z ∈ Rn+ ; |z| = δ}
and ∂′B+δ (0) = B
+
δ (0)∩∂Rn+ = {z ∈ ∂Rn+ ; |z| < δ}. Thus, ∂B+δ (0) = ∂′B+δ (0)∪∂+B+δ (0).
In various parts of the text, we will make use of Fermi coordinates (see
Definition 2.2 below)
ψ : B+δ (0)→M
centered at a point x0 ∈ ∂M. In this case, we will work in B+δ (0) ⊂ Rn+.
2.2 Standard solutions in the Euclidean half-space
In this subsection we study the Euclidean Yamabe equation in Rn+ and its
linearization.
The simplest example of solution to the Yamabe-type problem we are con-
cerned is the ball inRn with the canonical Euclidean metric. This ball is confor-
mally equivalent to the half-spaceRn+ by the inversion F : Rn+ → Bn\{(0, ..., 0,−1)}
with respect to the sphere with center (0, ..., 0,−1) and radius 1. Here, Bn is the
Euclidean ball in Rn with center (0, ..., 0,−1/2) and radius 1/2. The expression
for F is
F(y1, ...yn) =
(y1, ..., yn−1, yn + 1)
y21 + ... + y
2
n−1 + (yn + 1)2
+ (0, ..., 0,−1) ,
and of course its inverse mapping F−1 has the same expression. An easy
calculation shows that F is a conformal map and F∗geucl = U
4
n−2 geucl inRn+, where
geucl is the Euclidean metric and U(y) = (y21 + ... + y
2
n−1 + (yn + 1)
2)− n−22 . The
function U satisfies ∆U = 0 , inRn+ ,∂U
∂yn
+ (n − 2)U nn−2 = 0 , on ∂Rn+ . (2.1)
Since the equations (2.1) are invariant by horizontal translations and scalings
with respect to the origin, we obtain the following family of solutions of (2.1):
Uλ,z(y) =
 λ(λ + yn)2 + ∑n−1j=1 (y j − z j)2

n−2
2
, (2.2)
where λ > 0 and z = (z1, ..., zn−1) ∈ Rn−1.
In fact, the converse statement is also true: by a Liouville-type theorem in
[23] (see also [10, 14]), any non-negative solution to the equations (2.1) is of the
form (2.2) or is identically zero.
The existence of the family of solutions (2.2) has two important conse-
quences. First, we see that the set of solutions of the equations (2.1) is non-
compact. In particular, the set of solutions of (1.1) with p = nn−2 is not compact
when Mn is conformally equivalent to Bn. Secondly, the functions ∂U∂y j , for
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j = 1, ...,n − 1, and n−22 U + yb ∂U∂yb , are solutions to the following homogeneous
linear problem: ∆ψ = 0 , inRn+ ,∂ψ
∂yn
+ nU
2
n−2ψ = 0 , on ∂Rn+ .
(2.3)
Lemma 2.1. Suppose ψ is a solution to∆ψ = 0 , inRn+∂ψ
∂yn
+ nU
2
n−2ψ = 0 , on ∂Rn+ .
(2.4)
If ψ(y) = O((1 + |y|)−α) for some α > 0, then there exist constants c1, ..., cn such that
ψ(y) =
n−1∑
i=1
ci
∂U
∂y j
+ cn
(n − 2
2
U + yb
∂U
∂yb
)
.
Proof. This is [1, Lemma 2.1]. 
2.3 Coordinate expansions for the metric
Recall the definition of Fermi coordinates:
Definition 2.2. Let x0 ∈ ∂M and choose boundary geodesic normal coordinates
(z1, ..., zn−1), centered at x0, of the point x ∈ ∂M. We say that z = (z1, ..., zn), for
small zn ≥ 0, are the Fermi coordinates (centered at x0) of the point expx(znη(x)) ∈
M. Here, we denote by η(x) the inward unit normal vector to ∂M at x. In this
case, we have a map ψ(z) = expx(znη(x)), defined on a subset of R
n
+.
It is easy to see that in these coordinates gnn ≡ 1 and g jn ≡ 0, for j = 1, ...,n−1.
The expansion for g in Fermi coordinates is given by:
gi j(ψ(z)) = δi j − 2pii j(x0)zn + O(|z|2),
gi j(ψ(z)) = δi j + 2pii j(x0)zn + O(|z|2). (2.5)
The existence of conformal Fermi coordinates, introduced in [26], is stated
as follows:
Proposition 2.3. For any given integer N ≥ 1, there is a metric g˜, conformal to g,
such that in g˜-Fermi coordinates ψ˜ : B+δ (0)→M centered at x0, we have
(det g˜)(ψ˜(z)) = 1 + O(|z|N) .
Moreover, g˜ can be written as g˜ = f g, where f is a positive function with f (x0) = 1
and
∂ f
∂zk
(x0) = 0 for k = 1, ...,n − 1. In this metric we also have h(ψ˜(z)) = O(|z|N−1).
Proof. The first part is [26, Proposition 3.1] and the last one follows from
hg =
−1
2(n − 1) g
i jgi j,n =
−1
2(n − 1) (log det g),n .

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2.4 Conformal scalar and mean curvature equations
In this subsection we study the partial differential equation we will work with
in the next sections: Lgu = 0, in M ,Bgu + (n − 2) f−τup = 0, on ∂M , (2.6)
where τ = nn−2 − p, 1 + γ0 ≤ p ≤ nn−2 for some fixed γ0 > 0 and f is a positive
function.
The equations (2.6) have an important scaling invariance property. Fix
x0 ∈ ∂M and take δ > 0 small, and consider Fermi coordinates ψ : B+δ (0) → M
centered at x0. Given s > 0 we define the renormalized function
v(y) = s
1
p−1 u(ψ(sy)) , for y ∈ B+δs−1 (0) .
Then Lgˆv = 0, in B+δs−1 (0) ,Bgˆv + (n − 2) fˆ−τvp = 0, on ∂′B+δs−1 (0) ,
where fˆ (y) = f (ψ(sy)) and the metric gˆ is defined by gˆkl(y) = gkl(ψ(sy)).
The reason to work with the equations (2.6), instead of (1.1), is that they
have important conformal invariance properties. Suppose g˜ = ζ
4
n−2 g is a metric
conformal to g. It follows from the properties
L
ζ
4
n−2 g
(ζ−1u) = ζ−
n+2
n−2 Lgu and Bζ 4n−2 g(ζ
−1u) = ζ−
n
n−2 Bgu
that, if u is a solution of the equations (2.6), then ζ−1u satisfiesLg˜(ζ−1u) = 0, in M ,Bg˜(ζ−1u) + (n − 2)(ζ f )−τ(ζ−1u)p = 0, on ∂M ,
which are again equations of the same type.
Notation. Let Ω ⊂M be a domain in a Riemannian manifold (M, g). Let {gi} be
a sequence of metrics on Ω. We say that ui ∈ Mi if ui > 0 satisfiesLgi ui = 0, in Ω ,Bgi ui + (n − 2) f−τii upii = 0, on Ω ∩ ∂M , (2.7)
where τi = nn−2 − pi and 1 + γ0 ≤ pi ≤ nn−2 for some fixed γ0 > 0.
In many parts of this article we will work with sequences {ui ∈ Mi}∞i=1. In
this case, we assume that fi → f in the C1loc topology, for some positive function
f , and that gi → g0 in the C3loc topology, for some metric g0.
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By the conformal invariance stated above, we are allowed to replace the
metric gi by ζ
4
n−2
i gi as long as we have control of the conformal factors ζi. In this
case, we replace the sequence {ui} by {ζ−1i ui}. In particular, we can use conformal
Fermi coordinates (see Proposition 2.3) centered at some point xi ∈ ∂M, as those
conformal changes are uniformly controlled with respect to i by construction.
3 The Pohozaev identity and the mass term
Let g be a Riemannian metric on the half-ball B+δ (0). For any x = (x1, ..., xn) ∈ Rn
we set r = |x| =
√
x21 + ... + x
2
n. For any smooth function u on B+δ (0) and 0 < ρ < δ
we define
P(u, ρ) =
∫
∂+B+ρ (0)
(
n − 2
2
u
∂u
∂r
− r
2
|du|2 + r
∣∣∣∣∣∂u∂r
∣∣∣∣∣2) dσ + ρp + 1
∫
∂ (∂′B+ρ (0))
K f−τup+1dσ¯
and
P′(u, ρ) =
∫
∂+B+ρ (0)
(
n − 2
2
u
∂u
∂r
− r
2
|du|2 + r
∣∣∣∣∣∂u∂r
∣∣∣∣∣2) dσ .
An integration by parts [1, Proposition 3.1] gives the following Pohozaev-
type identity to be used in the analysis of blow-up sequences:
Proposition 3.1. If u is a solution of∆gu − n−24(n−1) Rgu = 0 , in B+δ (0) ,∂nu − n−22 hgu + K f−τup = 0 , on ∂′B+δ (0) ,
where K is a constant, then
P(u, ρ) = −
∫
B+ρ (0)
(
xa∂au +
n − 2
2
u
)
Ag(u)dx +
n − 2
2
∫
∂′B+ρ (0)
(
x¯k∂ku +
n − 2
2
u
)
hgudx¯
− τ
p + 1
∫
∂′B+ρ (0)
K(x¯k∂k f ) f−τ−1up+1dx¯ +
(
n − 1
p + 1
− n − 2
2
) ∫
∂′B+ρ (0)
K f−τup+1dx¯ ,
where Ag = ∆g − ∆ − n−24(n−1) Rg. Here, ∆ stands for the Euclidean Laplacian.
While in Section 6 we will obtain a sign restriction for P′(u, ρ) by means of
Proposition 3.1, in this section we handle P′(u, ρ) directly and relate it with a
mass-type geometric invariant defined below.
Lemma 3.2. If φ(x) = u(x) − |x|2−n then
P′(u, ρ) =
n − 2
2
∫
∂+B+ρ (0)
(
∂
∂r
r2−nφ(x) − r2−n ∂φ
∂r
)
dσ
+
1
2
∫
∂+B+ρ (0)
(
r
(∂φ
∂r
)2 − r|dφ|2 + ∂φ
∂r
(
(n − 2)φ + r∂φ
∂r
))
dσ .
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Proof. Direct calculations give
n − 2
2
u∂ru − r2 |du|
2 + r(∂ru)2 =
1
2
(∂ru)
(
(n − 2)u + r∂ru
)
+
r
2
(
(∂ru)2 − |du|2
)
=
1
2
(
(n − 2)∂rr2−nφ − (n − 2)r2−n∂rφ + (n − 2)φ∂rφ + r(∂rφ)2
)
+
r
2
(
(∂rφ)2 − |dφ|2
)
,
from which the result follows. 
Definition 3.3. Let (Mˆ, g) be a Riemannian manifold with a noncompact bound-
ary ∂Mˆ. We say that Mˆ is asymptotically flat with order q > 0, if there is a compact
set K ⊂ Mˆ and a diffeomorphism f : Mˆ\K→ Rn+\B+1 such that, in the coordinate
chart defined by f (which we call the asymptotic coordinates of Mˆ), we have
|gab(y) − δab| + |y||gab,c(y)| + |y|2|gab,cd(y)| = O(|y|−q) , as |y| → ∞ ,
where a, b, c, d = 1, ...,n.
Suppose the manifold Mˆ, of dimension n ≥ 3, is asymptotically flat with
order q > n−22 , as defined above. Assume also that Rg is integrable on Mˆ, and
hg is integrable on ∂Mˆ. Let (y1, ..., yn) be the asymptotic coordinates induced by
the diffeomorphism f . Then the limit
m(g) = lim
R→∞
 n∑
a,b=1
∫
y∈Rn+, |y|=R
(gab,b − gbb,a) ya|y| dσ +
n−1∑
i=1
∫
y∈∂Rn+, |y|=R
gni
yi
|y| dσ
 (3.1)
exists, and we call it the mass of (Mˆ, g). As proved in [3], m(g) is a geometric
invariant in the sense that it does not depend on the asymptotic coordinates.
The expression in (3.1) is due to F. Marques and is the analogue of the ADM
mass for the manifolds of Definition 3.3. A positive mass theorem for m(g),
similar to the classical ones in [29, 31], is stated as follows:
Theorem 3.4 ([3]). 1 Assume n = 3. If Rg, hg ≥ 0, then we have m(g) ≥ 0 and the
equality holds if and only if Mˆ is isometric to R3+.
The asymptotically flat manifolds we work with in this paper come from
the stereographic projection of compact manifolds with boundary. Inspired
by Schoen’s approach [27] to the classical Yamabe problem, this projection is
defined by means of a Green’s function with singularity at a boundary point.
Since we do not have the control of the Green’s function expression used in
the case of manifolds without boundary, the relation with (3.1) is obtained by
means of an integral defined in [7]. This is stated in the next proposition.
1 Actually, the dimensional restriction is unnecessary as Theorem 3.4 can be reduced to the one
for manifolds without boundary (see [3]).
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Proposition 3.5. Let (M, g) be a compact n-manifold with boundary and consider
Fermi coordinates centered at x0 ∈ ∂M. If d =
[
n−2
2
]
, suppose in those coordinates we
have
gab(x) = δab + hab(x) + O(|x|2d+2)
with hab(x) = O(|x|d+1) and tr (hab(x)) = O(|x|2d+2). Let G be a smooth positive function
on M\{x0} written near x0 as
G(x) = |x|2−n + φ(x)
where φ is smooth on M\{x0} satisfying φ(x) = O(|x|d+3−n| log |x||). If we define the
metric gˆ = G
4
n−2 g and set
I(x0, ρ) =
4(n − 1)
n − 2
∫
∂+B+ρ (0)
(
|x|2−n∂aG(x) − ∂a|x|2−nG(x)
) xa
|x|dσ
−
∫
∂+B+ρ (0)
(
|x|3−2nxa∂bhab(x) − 2n|x|1−2nxaxbhab(x)
)
dσ ,
then (M\{x0}, gˆ) is asymptotically flat in the sense of Definition 3.3 with mass
m(gˆ) = lim
ρ→0 I(x0, ρ).
Proof. Consider inverted coodinates ya = |x|−2xa. The first statement follows
from the fact that gˆ
(
∂
∂ya
, ∂∂yb
)
= δab + O(|y|−d−1| log |y||). In order to prove the last
one, we can mimic the proof of [7, Proposition 4.3] to obtain∫
∂+B+
ρ−1 (0)
ya
|y|
∂
∂yb
gˆ
(
∂
∂ya
,
∂
∂yb
)
dσρ−1 −
∫
∂+B+
ρ−1 (0)
ya
|y|
∂
∂ya
gˆ
(
∂
∂yb
,
∂
∂yb
)
dσρ−1
= I(x0, ρ) + O(ρ2d+4−n(logρ)2) .
Since (x1, ..., xn) are Femi coordinates,
gˆ
(
∂
∂yi
,
∂
∂yn
)
= 0 , for i = 1, ...,n − 1 , if yn = 0
the result then follows 
Proposition 3.6. Under the hypotheses of Proposition 3.5 we have
P′(G, ρ) = − (n − 2)
2
8(n − 1) I(x0, ρ) + O(ρ
2d+4−n| logρ|).
Proof. Since hna(x) = 0 and tr (hi j(x)) = O(|x|2d+2), we have
xi∂ jhi j(x) = ∂ j(xihi j(x)) + O(|x|2d+2).
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Then ∫
∂+B+ρ (0)
(
|x|3−2nxa∂bhab(x) − 2n|x|1−2nxaxbhab(x)
)
dσ
= ρ3−2n
∫
∂+B+ρ (0)
∂ j(xihi j(x)) dσ + O(ρ2d+4−n),
and the first integral on the right hand side vanishes. A direct calculation shows∫
∂+B+ρ (0)
(
|x|2−n∂aG(x) − ∂a|x|2−nG(x)
) xa
|x|dσ
=
∫
∂+B+ρ (0)
(
|x|2−n∂aφ(x) − ∂a|x|2−nφ(x)
) xa
|x|dσ ,
and so
I(x0, ρ) =
4(n − 1)
n − 2
∫
∂+B+ρ (0)
(
|x|2−n∂aφ(x) − ∂a|x|2−nφ(x)
) xa
|x|dσ + O(ρ) .
On the other hand, using Lemma 3.2 we obtain
P′(G, ρ) = −n − 2
2
∫
∂+B+ρ (0)
(
|x|2−n∂aφ(x) − ∂a|x|2−nφ(x)
) xa
|x|dσ + O(ρ
2d+4−n| logρ|),
and the result follows. 
4 Isolated and isolated simple blow-up points
In this section we briefly collect the definitions and main results of isolated and
isolated simple blow-up sequences from [1, Section 4]. They are inspired by
the corresponding ones for manifolds without boundary and are similar to the
ones in [17, 18].
Definition 4.1. Let Ω ⊂ M be a domain in a Riemannian manifold (M, g). We
say that x0 ∈ Ω ∩ ∂M is a blow-up point for the sequence {ui ∈ Mi}∞i=1, if there is
a sequence {xi} ⊂ Ω ∩ ∂M such that
(1) xi → x0;
(2) ui(xi)→∞;
(3) xi is a local maximum of ui|∂M.
Briefly we say that xi → x0 is a blow-up point for {ui}. The sequence {ui} is
called a blow-up sequence.
Convention If xi → x0 is a blow-up point, we use gi-Fermi coordinates
ψi : B+δ (0)→M
centered at xi and work in B+δ (0) ⊂ Rn+, for some small δ > 0.
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Notation. If xi → x0 is a blow-up point we set Mi = ui(xi), i = M−(pi−1)i .
Definition 4.2. We say that a blow-up point xi → x0 is an isolated blow-up point
for {ui} if there exist δ,C > 0 such that
ui(x) ≤ Cdg¯i (x, xi)−
1
pi−1 , for all x ∈ ∂M\{xi} , dg¯i (x, xi) < δ .
Since Fermi coordinates are normal on the boundary, the above definition is
equivalent to
ui(ψi(z)) ≤ C|z|−
1
pi−1 , for all z ∈ ∂′B+δ (0)\{0} . (4.1)
This definition is invariant under renormalization. This follows from the fact
that if vi(y) = s
1
pi−1 ui(ψi(sy)), then
ui(ψi(z)) ≤ C|z|−
1
pi−1 ⇐⇒ vi(y) ≤ C|y|−
1
pi−1 ,
where z = sy.
Harnack inequalities give the following two lemmas:
Lemma 4.3. Let xi → x0 be an isolated blow-up point. Then {ui} satisfies
ui(ψi(z)) ≤ C|z|−
1
pi−1 , for all z ∈ B+δ (0)\{0} .
Lemma 4.4. Let xi → x0 be an isolated blow-up point and δ as in Definition 4.2. Then
there exists C > 0 such that for any 0 < s < δ3 we have
max
B+2s(0)\B+s/2(0)
(ui ◦ ψi) ≤ C min
B+2s(0)\B+s/2(0)
(ui ◦ ψi) .
The next proposition says that, in the case of an isolated blow-up point,
the sequence {ui}, when renormalized, converges to the standard Euclidean
solution U.
Proposition 4.5. Let xi → x0 be an isolated blow-up point. We set
vi(y) = M−1i (ui ◦ ψi)(M−(pi−1)i y) , for y ∈ B+δMpi−1i (0) .
Then given Ri →∞ and βi → 0, after choosing subsequences, we have
(a) |vk(i) −U|C2(B+Ri (0)) < βi;
(b) limi→∞ Rilog Mk(i) = 0;
(c) limi→∞ pk(i) = nn−2 .
Remark 4.6. Let xi → x0 and consider a conformal change ζ
4
n−2
i gi of the metrics
gi (see the last paragraph of Section 2.4). Suppose the conformal factors ζi > 0
are uniformly bounded (above and below) with ζi(xi) = 1 and ∂ζi∂zk (xi) = 0 for
k = 1, ...,n − 1. Then, using Proposition 4.5, it is not difficult to see that xi → x0
is an isolated blow-up point for {ui} if and only it is for {ζ−1i ui}. This is the case
when we use conformal Fermi coordinates (see Proposition 2.3) centered at xi.
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The set of blow-up points is handled in the next proposition.
Proposition 4.7. Given small β > 0 and large R > 0 there exist constants C0,C1 > 0,
depending only on β, R and (Mn, g), such that if u is solution of (2.6) and max∂M u ≥
C0, then nn−2 − p < β and there exist x1, ..., xN ∈ ∂M, N = N(u) ≥ 1, local maxima of
u, such that:
(1) If r j = Ru(x j)−(p−1) for j = 1, ...,N, then {Dr j (x j) ⊂ ∂M}Nj=1 is a disjoint col-
lection, where Dr j (x j) is the boundary metric ball.
(2) For each j = 1, ...,N,
∣∣∣u(x j)−1u(ψ¯ j(z)) −U(u(x j)p−1z)∣∣∣C2(B+2rj (0)) < β,
where we are using Fermi coordinates ψ¯ j : B+2r j (0)→M centered at x j.
(3) We have
u(x) dg¯(x, {x1, ..., xN}) 1p−1 ≤ C1 , for all x ∈ ∂M ,
u(x j) dg¯(x j, xk)
1
p−1 ≥ C0 , for any j , k , j, k = 1, ...,N .
We now introduce the notion of an isolated simple blow-up point. If xi → x0
is an isolated blow-up point for {ui}, for 0 < r < δ, set
u¯i(r) =
2
σn−1rn−1
∫
∂+B+r (0)
(ui ◦ ψi)dσr and wi(r) = r
1
pi−1 u¯i(r) .
Note that the definition of wi is invariant under renormalization. More precisely,
if vi(y) = s
1
pi−1 ui(ψi(sy)), then r
1
pi−1 v¯i(r) = (sr)
1
pi−1 u¯i(sr).
Definition 4.8. An isolated blow-up point xi → x0 for {ui} is simple if there exists
δ > 0 such that wi has exactly one critical point in the interval (0, δ).
Remark 4.9. Let xi → x0 be an isolated blow-up point and Ri →∞. Using Propo-
sition 4.5 it is not difficult to see that, choosing a subsequence, r 7→ r 1pi−1 u¯i(r) has
exactly one critical point in the interval (0, ri), where ri = RiM
−(pi−1)
i → 0. More-
over, its derivative is negative right after the critical point. Hence, if xi → x0 is
isolated simple then there exists δ > 0 such that w′i (r) < 0 for all r ∈ [ri, δ).
A basic result for isolated simple blow-up point is stated as follows:
Proposition 4.10. Let xi → x0 be an isolated simple blow-up point for {ui}. Then
there exist C, δ > 0 such that
(a) Miui(ψi(z)) ≤ C|z|2−n for all z ∈ B+δ (0)\{0};
(b) Miui(ψi(z)) ≥ C−1Gi(z) for all z ∈ B+δ (0)\B+ri (0), where Gi is the Green’s function
so that:
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
Lgi Gi = 0, in B+δ (0)\{0},
Gi = 0, on ∂+B+δ (0),
Bgi Gi = 0, on ∂′B+δ (0)\{0}
and |z|n−2Gi(z)→ 1, as |z| → 0. Here, ri is defined as in Remark 4.9.
Remark 4.11. Suppose that xi → x0 is an isolated simple blow-up point for {ui}.
Set
vi(y) = M−1i (ui ◦ ψi)(M−(pi−1)i y) , for y ∈ B+Mpi−1i δ(0) .
Then, as a consequence of Propositions 4.5 and 4.10, we see that vi ≤ CU in
B+
δMp1−1i
(0).
We finally have the following estimate for τi = nn−2 − pi, which is proved
using Proposition 3.1:
Proposition 4.12. Let xi → x0 be an isolated simple blow-up point for {ui} and let
ρ > 0 be small. Then there exists C > 0 such that
τi ≤
C1−2ρ+oi(1)i , for n ≥ 4,C1−2ρ+oi(1)i log(−1i ), for n = 3. (4.2)
5 Blow-up estimates
In this section we give a pointwise estimate for a blow-up sequence {ui} in a
neighborhood of an isolated simple blow-up point. Our estimates are obtained
for dimension n = 3.
Let xi → x0 be an isolated simple blow-up point for the sequence {ui ∈ Mi}.
We use conformal Fermi coordinates centered at xi. Thus we will work with
conformal metrics g˜i = ζ
4
n−2
i gi and sequences {u˜i = ζ−1i ui} and {˜i}, where ˜i =
u˜i(xi)−(pi−1) = i, since ζi(xi) = 1. As observed in Remark 4.6, xi → x0 is still an
isolated blow-up point for the sequence {u˜i} and satisfies the same estimates
of Proposition 4.10 (since we have uniform control on the conformal factors
ζi > 0, these estimates are preserved). Let ψi : B+δ′ (0) → M denote the g˜i-Fermi
coordinates centered at xi.
In order to simplify our notations, we will omit the symbols ˜ and ψi in
the rest of this section. Thus, the metrics g˜i will be denoted by gi and points
ψi(x) ∈ M, for x ∈ B+δ′ (0), will be denoted simply by x. In particular, xi = ψi(0)
will be denoted by 0 and ui ◦ ψi by ui.
Set vi(y) = 
1
pi−1
i ui(iy) for y ∈ B+δ′−1i = B
+
δ′−1i
(0). We know that vi satisfiesLgˆi vi = 0, in B
+
δ′−1i
,
Bgˆi vi + (n − 2) fˆ−τii vpii = 0, on ∂′B+δ′−1i ,
(5.1)
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where fˆi(y) = fi(iy) and gˆi is the metric with coefficients (gˆi)kl(y) = (gi)kl(iy).
Let r 7→ 0 ≤ χ(r) ≤ 1 be a smooth cut-off function such that χ(r) ≡ 1 for
0 ≤ r ≤ δ and χ(r) ≡ 0 for r > 2δ. We set χ(r) = χ(r). Thus, χ(r) ≡ 1 for
0 ≤ r ≤ δ−1 and χ(r) ≡ 0 for r > 2δ−1.
Observing that tr(pikl(0)) = 0 holds due to Proposition 2.3, by [1, Proposition
5.1] for every i there is a solution φi of∆φi(y) = −2χi (|y|)ipikl(0)yn(∂k∂lU)(y) , for y ∈ Rn+ ,∂nφi(y¯) + nU 2n−2φi(y¯) = 0 , for y¯ ∈ ∂Rn+ , (5.2)
where ∆ stands for the Euclidean Laplacian, satisfying
|∇rφi|(y) ≤ Ci|pikl(0)|(1 + |y|)3−r−n , for y ∈ Rn+ , r = 0, 1 or 2 , (5.3)
φi(0) =
∂φi
∂y1
(0) = ... =
∂φi
∂yn−1
(0) = 0 (5.4)
and ∫
∂Rn+
U
n
n−2 (y¯)φi(y¯) dy¯ = 0 . (5.5)
Assumption In the rest of this section, n = 3.
Lemma 5.1. There exist δ,C > 0 such that, for |y| ≤ δ−1i ,
|vi −U − φi|(y) ≤ C max{i, τi} .
Proof. We consider δ < δ′ to be chosen later and set
Λi = max|y|≤δ−1i
|vi −U − φi|(y) = |vi −U − φi|(yi) ,
for some |yi| ≤ δ−1i . From Remark 4.11 we know that vi(y) ≤ CU(y) for
|y| ≤ δ−1i . Hence, if there exists c > 0 such that |yi| ≥ c−1i , then
Λi = |vi −U − φi|(yi) ≤ C |yi|2−n ≤ C n−2i .
This implies the stronger inequality |vi −U−φi|(y) ≤ C n−2i = Ci, for |y| ≤ δ−1i .
Hence, we can suppose that |yi| ≤ δ−1i /2.
Suppose, by contradiction, the result is false. Then, choosing a subsequence
if necessary, we can suppose that
Λ−1i i → 0 and Λ−1i τi → 0 . (5.6)
Define
wi(y) = Λ−1i (vi −U − φi)(y) , for |y| ≤ δ−1i .
By the equations (2.1) and (5.1), wi satisfiesLgˆi wi = Qi , in B
+
δ−1i
,
Bgˆi wi + biwi = Qi , on ∂′B+δ−1i
,
(5.7)
where
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bi = (n − 2) fˆ−τii
vpii −(U+φi)pi
vi−(U+φi) ,
Qi = −Λ−1i
{
(Lgˆi − ∆)(U + φi) + ∆φi
}
,
Qi = −Λ−1i
{
(n − 2) fˆ−τii (U + φi)pi − (n − 2)U
n
n−2 − nU 2n−2φi − n−22 hgˆi (U + φi)
}
.
Observe that, for any function u,
(Lgˆi − ∆)u(y) = (gˆkli − δkl)(y)∂k∂lu(y) + (∂k gˆkli )(y)∂lu(y)
− n − 2
4(n − 1)Rgˆi (y)u(y) +
∂k
√
det gˆi√
det gˆi
gˆkli (y)∂lu(y)
= (gkli − δkl)(iy)∂k∂lu(y) + i(∂kgkli )(iy)∂lu(y)
− n − 2
4(n − 1)
2
i Rgi (iy)u(y) + O(
N
i |y|N−1)∂lu(y) .
Hence,
Qi(y) = −Λ−1i (gkli − δkl)(iy)∂k∂l(U + φi)(y) −Λ−1i i(∂kgkli )(iy)∂l(U + φi)(y)
+
n − 2
4(n − 1)Λ
−1
i 
2
i Rgi (iy)(U + φi)(y) −Λ−1i ∆φi(y)
+ O
(
Λ−1i 
N
i |y|N−1(1 + |y|)1−n
)
= O
(
Λ−1i 
N
i (1 + |y|)N−n
)
+ O
(
Λ−1i 
2
i (1 + |y|)2−n
)
. (5.8)
Observe that
(n − 2) fˆ−τii (U + φi)pi − (n − 2)U
n
n−2 − nU 2n−2φi
= (n − 2)
(
fˆ−τii (U + φi)
pi − (U + φi) nn−2
)
+ O(U
4−n
n−2φ2i )
= (n − 2) fˆ−τii
(
(U + φi)pi − (U + φi) nn−2
)
+ (n − 2)( fˆ−τii − 1)(U + φi)
n
n−2 + O(U
4−n
n−2φ2i ) .
Using
U
4−n
n−2φ2i = O(
2
i |pikl(0)|2(1 + |y|)2−n),
hgˆi (U + φi) = O(Ni (1 + |y|)N+1−n),
fˆ−τii
(
(U + φi)pi − (U + φi) nn−2
)
= O(τi(U + φi)
n
n−2 log(U + φi)) = O(τi(1 + |y|)1−n),
( fˆ−τii − 1)(U + φi)
n
n−2 = O(τi log( fi)(U + φi)
n
n−2 ) = O(τi(1 + |y|)−n),
where in the second line we used Proposition 2.3, we obtain
Q¯i(y¯) = O
(
Λ−1i 
2
i (1 + |y¯|)2−n
)
+ O
(
Λ−1i τi(1 + |y¯|)1−n
)
. (5.9)
Moreover,
bi(y)→ nU 2n−2 , in C2loc(Rn+) , (5.10)
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and
bi(y) ≤ C(1 + |y|)−2 , for |y| ≤ δ−1i . (5.11)
Since |wi| ≤ |wi(yi)| = 1, we can use standard elliptic estimates to conclude
that wi → w, in C2loc(Rn+), for some function w, choosing a subsequence if
necessary. From the identities (5.6), (5.8), (5.9) and (5.10), we see that w satisfies∆w = 0 , inRn+ ,∂nw + nU 2n−2 w = 0 , on ∂Rn+ . (5.12)
Claim. w(y) = O((1 + |y|)−1), for y ∈ Rn+.
Choosing δ > 0 sufficiently small, we can consider the Green’s function
Gi for the conformal Laplacian Lgˆi in B+δ−1i
subject to the boundary conditions
Bgˆi Gi = 0 on ∂′B+δ−1i
and Gi = 0 on ∂+B+δ−1i
. Let ηi be the inward unit normal
vector to ∂+B+
δ−1i
. Then the Green’s formula gives
wi(y) = −
∫
B+
δ−1i
Gi(ξ, y)Qi(ξ) dvgˆi (ξ) +
∫
∂+B+
δ−1i
∂Gi
∂ηi
(ξ, y)wi(ξ) dσgˆi (ξ)
+
∫
∂′B+
δ−1i
Gi(ξ, y)
(
bi(ξ)wi(ξ) −Qi(ξ)
)
dσgˆi (ξ) . (5.13)
Using the estimates (5.8), (5.9) and (5.11) in the equation (5.13), we obtain
|wi(y)| ≤ CΛ−1i 2i
∫
B+
δ−1i
|ξ − y|2−n(1 + |ξ|)2−ndξ
+ C
∫
∂′B+
δ−1i
|ξ¯ − y|2−n(1 + |ξ¯|)−2dξ¯ + CΛ−1i 2i
∫
∂′B+
δ−1i
|ξ¯ − y|2−n(1 + |ξ¯|)2−ndξ¯
+ CΛ−1i τi
∫
∂′B+
δ−1i
|ξ¯ − y|2−n(1 + |ξ¯|)1−ndξ¯ + CΛ−1i n−2i
∫
∂+B+
δ−1i
|ξ − y|1−ndσ(ξ) ,
for |y| ≤ δ−1i /2. Here, we have used the fact that |Gi(x, y)| ≤ C |x − y|2−n for
|y| ≤ δ−1i /2 and, since vi(y) ≤ CU(y), |wi(y)| ≤ CΛ−1i n−2i for |y| = δ−1i . Hence,
|w(y)| ≤ CΛ−1i 2i (δ−1i )4−n+C(1+|y|)−1+CΛ−1i 2i log(δ−1i )+CΛ−1i τi(1+|y|)2−n+CΛ−1i n−2i .
Since n = 3, this gives
|wi(y)| ≤ C
(
(1 + |y|)−1 + Λ−1i i + Λ−1i τi
)
(5.14)
for |y| ≤ δ−1i /2. The Claim now follows from the hypothesis (5.6).
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Now, we can use the claim above and Lemma 2.1 to see that
w(y) =
n−1∑
j=1
c j∂ jU(y) + cn
(n − 2
2
U(y) + yb∂bU(y)
)
,
for some constants c1, ..., cn. It follows from the identity (5.4) that wi(0) = ∂wi∂y j (0) =
0 for j = 1, ...,n − 1. Thus we conclude that c1 = ... = cn = 0. Hence, w ≡ 0.
Since |wi(yi)| = 1, we have |yi| → ∞. This, together with the hypothesis (5.6),
contradicts the estimate (5.14), since |yi| ≤ δ−1i /2, and concludes the proof of
Lemma 5.1. 
Lemma 5.2. There exists C > 0 such that τi ≤ Ci.
Proof. Suppose, by contradiction, the result is false. Then we can suppose that
τ−1i i → 0 and, by Lemma 5.1, there exists C > 0 such that
|vi −U − φi|(y) ≤ Cτi , for |y| ≤ δ−1i .
Define
wi(y) = τ−1i (vi −U − φi)(y) , for |y| ≤ δ−1i .
Then wi satisfies the equations (5.7) with
bi = (n − 2) fˆ−τii
vpii −(U+φi)pi
vi−(U+φi) ,
Qi = −τ−1i
{
(Lgˆi − ∆)(U + φi) + ∆φi
}
,
Qi = −τ−1i
{
(n − 2) fˆ−τii (U + φi)pi − (n − 2)U
n
n−2 − nU 2n−2φi − n−22 hgˆi (U + φi)
}
.
Similarly to the estimates (5.8) and (5.9) we have
|Qi(y)| ≤ Cτ−1i 2i (1 + |y|)2−n , (5.15)
|Qi(y)| ≤ Cτ−1i 2i (1 + |y|)2−n + C(1 + |y|)1−n (5.16)
and bi satisfies the estimate (5.11).
By definition, wi ≤ C and, by elliptic standard estimates, we can suppose
that wi → w in C2loc(Rn+) for some function w. By the identity (5.10) and the
estimates (5.15) and (5.16) we see that w satisfies the equations (5.12).
A contradiction is achieved following the same lines as [1, Lemma 6.2].

Proposition 5.3. There exist C, δ > 0 such that
|∇k(vi −U − φi)(y)| ≤ Ci(1 + |y|)−k
for all |y| ≤ δ−1i and k = 0, 1, 2.
Proof. The estimate with k = 0 follows from Lemmas 5.1 and 5.2. The estimates
with k = 1, 2 follow from elliptic theory. 
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6 The Pohozaev sign restriction
In this section we assume n = 3 and prove a sign restriction for an integral term
in Proposition 3.1 and some consequences for the blow-up set.
Theorem 6.1. Let xi → x0 be an isolated simple blow-up point for the sequence
{ui ∈ Mi}. Suppose that ui(xi)ui → G away from x0, for some function G. Then
lim inf
r→0 P
′(G, r) ≥ 0 . (6.1)
Proof. Set vi(y) = 
1
pi−1
i ui(iy) for y ∈ B+δ−1i = B
+
δ−1i
(0). We know that vi satisfiesLgˆi vi = 0, in B
+
δ−1i
,
Bgˆi vi + (n − 2) fˆ−τii vpii = 0, on ∂′B+δ−1i ,
where fˆi(y) = fi(iy) and gˆi is the metric with coefficients (gˆi)kl(y) = (gi)kl(iy).
Observe that, from Remark 4.11, we know that vi ≤ CU in B+δ−1i .
We write the Pohozaev identity of Proposition 3.1 as
P(ui, r) = Fi(ui, r) + F¯i(ui, r) +
τi
pi + 1
Qi(ui, r) , (6.2)
where
Fi(u, r) = −
∫
B+r
(zb∂bu + n−22 u)(Lgi − ∆)u dz,
F¯i(u, r) = n−22
∫
∂′B+r
(z¯b∂bu + n−22 u)hgi u dz¯,
Qi(u, r) =
(n−2)2
2
∫
∂′B+r
f−τii u
pi+1dz¯ − (n − 2) ∫
∂′B+r
(z¯k∂k f ) f−τi−1i u
pi+1dz¯.
Since we can assume h(0) = 0, we have
F¯i(ui, r) = O(n−2r) .
On the other hand, we can choose r > 0 small such that Qi(ui, r) ≥ 0. So we only
have to handle Fi(ui, r).
Set Uˇi(z) = 
− 1pi−1
i U(
−1
i z) and φˇi(z) = 
− 1pi−1
i φi(
−1
i z). We have
Fi(ui, r) = −
∫
B+r
(zb∂bui +
n − 2
2
ui)(Lgi − ∆)uidz
= −−
2
(pi−1) +n−2
i
∫
B+
r−1i
(yb∂bvi +
n − 2
2
vi)(Lgˆi − ∆)vidy ,
Fi(Uˇi + φˇi, r) = −
∫
B+r
(zb∂bUˇi +
n − 2
2
Uˇi)(Lgi − ∆)Uˇidz
= −−
2
(pi−1) +n−2
i
∫
B+
r−1i
(
yb∂b(U + φi) +
n − 2
2
(U + φi)
)
(Lgˆi − ∆)(U + φi)dy .
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Observe that 
− 2pi−1 +n−2
i = 
−(n−2) τipi−1
i → 1, as i→∞, by Proposition 4.12.
Now we use that n = 3. It follows from Proposition 5.3 that
|Fi(ui, r) − Fi(Uˇi + φˇi, r)| ≤ C2i
∫
B+
r−1i
(1 + |y|)1−ndy ≤ Cir . (6.3)
We know from (2.5) that gkl(z) = δkl + 2pikl(0)zn + O(|z|2) in Fermi coordinates,
and recall that we are assuming tr(pikl(0)) = h(0) = 0. Thus, due to symmetry
arguments,
Fi(Uˇi + φˇi, r) = O(ir) .
Hence, P(ui, r) ≥ −Cir, which implies that
P′(G, r) = lim
i→∞ 
− 2pi−1
i P(ui, r) ≥ −Cr .

Once we have proved Theorem 6.1, the next two propositions are similar to
[20, Lemma 8.2, Proposition 8.3] or [24, Propositions 4.1 and 5.2].
Proposition 6.2. Let xi → x0 be an isolated blow-up point for the sequence {ui ∈ Mi}.
Then x0 is an isolated simple blow-up point for {ui}.
Proposition 6.3. Let β,R,u,C0(β,R) and {x1, ..., xN} ⊂ ∂M be as in Proposition 4.7. If
β is sufficiently small and R is sufficiently large, then there exists a constant C¯(β,R) > 0
such that if max∂M u ≥ C0 then
dg¯(x j, xk) ≥ C¯ for all 1 ≤ j , k ≤ N.
Corollary 6.4. Suppose the sequence {ui ∈ Mi} satisfies max∂M ui → ∞. Then
pi → n/(n − 2) and the set of blow-up points is finite and consists only of isolated
simple blow-up points.
7 Proof of Theorem 1.1
In view of standard elliptic estimates and Harnack inequalities, we only need to
prove that ‖u‖C0(∂M) is bounded from above (see [19, Lemma A.1] for the bound-
ary Harnack inequality). Assume by contradiction there exists a sequence ui of
positive solutions of (1.1) such that
max
∂M
ui →∞ as i→∞.
It follows from Corollary 6.4 that we can assume ui has N isolated simple
blow-up points
x(1)i → x(1), ... , x(N)i → x(N),
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and that τi = nn−2 − pi → 0 as i→∞. Without loss of generality, suppose
ui(x
(1)
i ) = min
{
ui(x
(1)
i ), ...,ui(x
(N)
i )
}
for all i.
Now for each k = 1, ...,N, consider the Green’s function Gk for the conformal
Laplacian Lg with boundary condition BgGk = 0 and singularity at x(k) ∈ ∂M.
In Fermi coordinates centered at the respective singularities, those functions
satisfy ∣∣∣Gk(x) − |x|2−n∣∣∣ ≤ C∣∣∣ log |x| ∣∣∣ for n = 3,
according to [4, Proposition B.2].
It follows from the upper bound (a) of Proposition 4.10 that there exists
some function G such that ui(x
(1)
i )ui → G in C2loc(M\{x(1), ..., x(N)}). Moreover, the
lower control (b) of that proposition and elliptic theory yields the existence of
ak > 0, k = 1, ...,N, and b ∈ C2(M) such that
G =
N∑
k=1
akGk + b,
and Lgb = 0, in M,Bgb = 0, on ∂M.
The hypothesis Q(M, ∂M) > 0 ensures that b ≡ 0. If gˆ = G 4n−21 g, by Proposition
3.5, (M\{x(1)}, gˆ) is an asymptotically flat manifold (in the sense of Definition
3.3) with mass
m(gˆ) = lim
ρ→0 I(x
(1), ρ).
Moreover, we have Rgˆ = − 4(n−1)n−2 G
n+2
n−2 LgG = 0 and hgˆ = − 2n−2 G
n
n−2 BgG = 0. Then
the positive mass Theorem 3.4 and the assumption that M is not conformally
equivalent to B3 gives m(gˆ) > 0. So, by Proposition 3.6,
lim
ρ→0 P
′(G1, ρ) < 0.
This contradicts the local sign restriction of Theorem 6.1 and ends the proof of
Theorem 1.1.
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